221.30~1

Mathemdtics - Course 221

THE INTEGRAL

I The Indefinite Integral

If Pl{x) = f(x), then f(x) is the derivative of F(x),
and F(x) is an antiderivative of f(x). The process of
finding £(x) from F(x) is called differentiation, whereas
the process of finding F(x) from f£(x) is called integration.
Thus differentiation and integration are cpposite processes:

differentiation \
F{x) - Fix) = F'{x)
™~ integration

Example 1

%2 is an antiderivative of 2x since

d _» _

a—)—{x»-2x
In fact, any function of the form F(x) = x> + C is an
antiderivative of f£(x) = 2xX since

= (x? + Q) = 2x (2 c=0)

"C" is called an integration constant,

Graphical Significance of Integration Constant

The graphical significance of the integration constant C
is that x®* + C represents a family of curves, each value of C
corresponding to a unique member of the family (see Figure 1),
Note that every member of the family has precisely the same
slope at any particular x-value, say x;.
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y = x2 + ¢
C =3
C = 2
CcC =1
C =0
C = ~1
C = =2
X
C = -3
C = -4

Boundary Conditicn

Integration may be regarded as the process of finding a
function (curve) from its derivative (slope). As Figure 1
illustrates, there is always an infinite family of curves
having the given slope.

An integration has a unique solution, however, if a
boundary condition is imposed.

DEFINITION: A boundary condition is the specification of
the value of the integral at a particular
x=-value.

The graphical significance of imposing a boundary
condition is that a point is specified on the solution
curve, and thus a unique curve is selected from the
infinite family as the solution.

Example 2

Find the antiderivative of f(x) = 2x, which has
the value 5 when x = 2,
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Solution
The required antiderivative has the form

F(x) = x? + C (from Example 1)

However, the boundary cendition,

F(2) =5 => (2)2 +4C =5

. Fix) = x% + 1

Note that the boundary condition in Example 2
selects the curve corresponding to C = 1 in Figure 1.

Integral Notation

"The integral of 2x with respect to x equals x? + C"
is written symbolically as follows:

12x dx = x(+C
intearal N \H\~integration constant
oi ng differential
g . antiderivative
e \\\MM_H‘#,,F—ﬁ\/«uh“__ﬂ,,z//
indefinite integral
Where:

~ the integral sign is read "the integral of".
- the integrand is the function being integrated
- the differential "dx" indicates integration wrt x

- the antiderivative and integration constant together
comprise the indefinite integral of 2x wrt X.
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In general, the derivative of F{x) wrt x equals f(x) if

and only if the integral of f{x) equals F(x) + C

ie,
Fi(x) = £(x) 4“_,“) J f{x)dx = P(x) + C J
Example 3
J 4x*dx = x* + ¢ since a% (x* + C} = 4x?
Displacement, Velocity and Acceleration
vit) = s'(t) &) s(t) = [ v(t)dt
a(t) = vi(t) ) vit) = [ alt)dt
Example 4
Find v{t) and s(t) given a{t} = -10, and the
boundary conditions, v{(0) = 0 and s(0) = 100.
Solution
vi{t) = [ a(t)dt
= { =104t
= =10t + C,
But v(0} = Q = -10(Q} + C; = 0
. c;, =0
vi{t) = ~-10t
s{t) = [ wv(t)ae
= [ =10t dt
= =~5t% + Ca
But s(0) = 100 => ~5(0)% + C, = 100

Cz = 140
s(t) = -5t% + 100
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IIT Integration Formulas
The following is a table of integration formulas with
corresponding differentiation formulas studied in lesson
221.20-2.
DIFFERENTIATION PFORMULA CORRESPONDING INTEGRATION FORMULA
d ~ = -
d—x- C =20 f 0dx = C
a n-1 n+l1
-a;c-xn“nx fxndx=§m+c,n#—l
S E® = g(0) = 22 E(x) JUE(x) * glx))dx = [f(x)dx
ax =9 dx =9
+ d ( +
t g 9(x) t fg(x)dx
E‘% ef(X) ef(x) fl(x) fef(X) fl(x)_dx = ef(X) + C

Example 5
20

er dx='Tl+C

Example 6
Srx%dx = wfx%dx
3
X
= “("E + C)

+ C

]
2 E
X

(C, = 7C)
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Example 7
S{x? + vX)dx = Fx%dx + [VX dx
4 %

X x

3
= %x“ + %xfé + C (C = Cy + Ca)
Example 8
2 _ 2
AL gy = s - Y ax
VX VX VYx
-1
= J'(x/2 - X /i)dx

5 1
e Vs

—m‘fcl“(%ﬁ'}'cz)

¥ -
X 4+ 2¥x 4+ C {C=¢C, - C3z)

I
LS

Note that the integrand in this example was expressed
in terms of functions of the form x® prior to integration,
since no method of integrating a gquotient of two functions
has been giwven. :

Examgle 9
2

2
f2xe® ax = ¥ 4+ ¢

Note that this integral is of the form Sfef(X)f!(x)dx
where f(x) = x? and f!(x) = 2x.

Example 10

t

If v(t) = 10e - + t, find s(t) assuming s(0) = 0,



v
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Solutiaon

s(t) = Sv(t)dt
= f(10e™t + t)dt
= r10e”tat + sedt
= -10 fe ¥(-1yat + Seat

2
But s(0) = 0 => - 10e° + %_ +C=20

ie, =10 + C =0

ie, C =10

L. s{t) = -10e = + = + 10

Note that "~10" rather than 10 was factored out
of the first integrand in line 4 of this solution so
as to leave a factor of (-1l) in the integrand, which
is of the form ef(t)fl(t) where f{t) = e-t and f'(t)
= -1.

Area Under a Curve

Let A(x,) represent the area under the curve y = £(x)
from x = a to x = x;. Then A(x, + Ax) represents the area
from x = a to x = x1 + Ax, and A(x; + AX) - A(x.} represents
the area under the curve between x; and x;, + Ax, as labelled
in Figure 2.
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Y ' y = f(x)

A(Xl' + ﬁX) - A(X]_J

P x
a X, Z x, + Ax
k— Ax —4
Figure 2

Obviously, for some value of x, say X = 2, X1 £ 2 £ x, + Ax,
the area of the rectangle Ax units wide by f(z) units high exactly
equals the area A(x; + Ax} - A(x,;} under the curve,

ie, Alx, + Ax) - A(x,) = f(z2)Ax
. Afx, + Ax) - A(xy) _{
- - &X - f(z)
" lim Alxy * iX) - Alxy) o lim f£(z)
Ax+0 % Ax~>0

The LHS of this equation is the derivative, Al(x:), by
definition (see lesson 221.20-2).

Furthermore as Ax»0, z+x) (see Figure 2).

.. Al(xq1) = £(x;)

Finally, since the value of x, is arbitrary, it can be
replaced by the variable x.
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Thus Al(x) = f(x)

ie, the derivative of the area function egquals the
curve function.

.. A(x) = ff(x)dx = F(x) + C

Example 11

FPind the area under the curve y = 5 from x = 0 to
{(a) x=x;, b)Y x =1 (c) x = 10.

Solution
{(a) A(x) = /f(x)dx
= [5dx
= 5x + ¢
But A{Q) = 0 => 5(0) + €C = 0 \r 5 10
cC=20 Figure 3
A(xy) = 5xy
(b) A{lY = 5(L) =35
(¢) A(l0) = 5(10) = 50

Note, with reference to Figure 3, that the above
areas are rectangular, and that the same answers are
obtained by using “"area = length x width".

Example 12

Find the area under the curve y = 2x from x = ¢
to {(a) x=x; (b) x =1 (¢) x = 10.
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Solution
Y
A(x) = ff(x)dx y =
= f2xdx 207 (10,20)
= x% +C
- 107
But A{0) = 0 = 02 + C =10
‘.l c = O
A(x) = x? X
(a) .7. Alxy) = x3 Figure 4
(b) A(l) =12 =1
(c) A(L0) = 10% = 100
Note, with reference to Figure 4, that the above
areas are triangular, and that the same answers are
obtained using "area = % base times height".
Example 13
Find the area under the curve y = x* from x = 0
to (a) x =5 (b) x = 10.
Solution b4 y = x?
A(x) = /x*ax 1901 wo,100)
3
03
But A(0) = 0 => >— +C =0
C=20
3
LA = 3

Figure.S

2x
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(a) A(s5) = 222
(b) a(10) = =290

|

The Definite Integral

The procedure for calculating areasg illustrated in
examples 11 to 13 above can be 'streamlined' considerably
by using the definite integral notation, which effectively
'builds in' the boundary condition.

Recall that the area under the curve y = f(x) from
X = aup to x = x is given by

A(x) = ff(x)dx = F(x} + C
But A(a) = 0 => F(a} + C =10
C = =-F(a)
A{x) =

F(x) - F{a)

the area under the curve between x = a and x = b,

A(b}) = F(b) - F{a)

b
The definite integral notation é f{x)dx is used to
represent F(b}) -~ F(a).

ie, b
A(b) = f f(x)dx = F(b) - F(a)
a

In this notation "a" and "b" are called the lower limit
and upper limit, respectively, of the integration.

Examples 11 and 13 will now be redone using definite
integrals:

Example 14

Find the area under the curve vy = 5 bhetween x = 0
and (a) x = x; (b) x =1 (¢} 2 = 10.

- 11 =~
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Solution

(a} Al{x,) = 6 5dx

W
[ ¥7]
X
z
)
L
=

The notation F{x)] is used above to indicate the
a

explicit form of the antiderivative, which is to be
evaluated between the limits a and b.

1

{b) A(L1) 6 5dx

i

= 5x|

= 5(1) - 5(0)

i

32

10
I sax
0

{(c} A(L0)

10

= SXIO

= 5(10) - 5(0)

= 50

- 12 -



Example 15

to (a

Solution

(a)

(b}
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Find the area under the curve y = x* from x = 0

) x =

A(S)

A(l1l0)

5

(b} x = 10.

O
]

r

[N
s
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ASSIGNMENT

Differentiation and integration are opposite processes, yet
the derivative is unigue whereas the integral is not, in
general. Explain why this is so.

Why is a boundary condition necessgary to obtain a unigque
solution to an integral? Explain with reference to graphical
significance of boundary condition.

Evaluate the following indefinite integrals:

(a) J-3xdx (by Jfle  + t¥)dt
e&
(¢) [f{(2x% + 3% ~ 5)dx (d) S =— dx
vx
-2 3
(e) [(4x® - xX)ax (f) S (2te + t )4t

Find displacement and velocity functions s{t) and v(t),
respectively, given acceleration function a(t) and boundary
conditions as follows:

(a) a(t) = 0, v(o) = 0, s(0) =0
(b) a(t) = 2, v{0) = 10,  s(0) = 14
(e} af{t) = 2t, v{0} = Vy, s(0) = 0

(@) a(t) =e %,  wv(oy = 10, s{0) = -10

Find the function which gives the vertical displacement of
a projectile relative to ground level, neglecting air
resistance. The acceleration due to gravity is 9.8 m/s?
downwards. Assume the projectile is given initial velocity
Ve m/s vertically upwards from ground level.
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6. Find the area under the curve y = f(x) between a and b
where
(a) £f{(x) = 2%, a =1, b = 10
(b) f£(x) = /%, a =4, b = 16
() £(x) =x2 + 4, a= -2, b =5
(d) f(x) = xe , a=0>0, b =2

7. Evaluate the following definite integrals:

(a) {9 /% (x - 1)dx

0
(b) [ (-5% + 3)dx

2 £
(€ 7 (10 + t - eMrat

L.C. Haacke



